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Hard wear resistant coatings that are subjected to contact loading sometimes fail because the coating delaminates from
the substrate. In this report, systematic ﬁnite element computations are used to model coating delamination under contact
loading. The coating and substrate are idealized as elastic and elastic–plastic solids, respectively. The interface between
coating and substrate is represented using a cohesive zone law, which can be characterized by its strength and fracture
toughness. The system is loaded by an axisymmetric, frictionless spherical indenter. We observe two failure modes: shear
cracks may nucleate just outside the contact area if the indentation depth or load exceeds a critical value; in addition, ten-
sile cracks may nucleate at the center of the contact when the indenter is subsequently removed from the surface. Delam-
ination mechanism maps are constructed which show the critical indentation depth and force required to initiate both
shear and tensile cracks, as functions of relevant material properties. The ﬁctitious viscosity technique for avoiding con-
vergence problems in ﬁnite element simulations of crack nucleation and growth on cohesive interfaces allows us to explore
a wider parametric space that a conventional cohesive model cannot handle. Numerical results have also been compared to
analytical analyses of asymptotic limits using plate bending and membrane stretching theories, thus providing guidelines
for interpreting the simulation results.
 2006 Elsevier Ltd. All rights reserved.
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Hard coatings are often used to improve the friction, wear, and contact fatigue resistance of surfaces that are
subjected to contact loading. For example, ceramic coatings are used to protect a wide variety of automotive
components, including pistons, valve heads, gears and bearings. In addition, diamond and diamond-like-carbon0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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dry machining processes. Coatings subjected to contact loading suﬀer from a variety of failure mechanisms,
for examples, the ring and median cracks in coatings (Chai, 2003; Miranda et al., 2003a,b), the coating interface
delamination (Drory and Hutchinson, 1996; Marshall and Evans, 1984; Sanchez et al., 1999), the combination
of coating fracture and delamination (Oliveira and Bower, 1996), among many others. Delamination of the
coating from the substrate is a particular concern. Limit cases have been rigorously treated based on
approximate bending and stretching analyses (Drory and Hutchinson, 1996; Marshall and Evans, 1984), while
a wide parametric space has not been thoroughly explored. There is great interest in developing techniques to
optimize coating adhesion. A variety of approaches may be exploited for this purpose, including selecting
coating and substrate materials with appropriate elastic and plastic properties; optimizing the thickness of
the coating, and modifying the chemistry of the coating/substrate interface itself. In this paper, we aim to
contribute to this eﬀort by predicting the inﬂuence of variables of interest using a systematic set of computer
simulations.
A second motivation for our work arises from eﬀorts to develop inexpensive and rapid tests to measure
coating adhesion. The commonly used method is based on the fracture mechanics of multilayered specimens;
see a number of reviews (Kim, 1988, 1991; Hutchinson and Suo, 1992; Dauskardt et al., 1998; Volinsky et al.,
2002; Lane, 2003). Indentation tests are also used for adhesion measurement (Marshall and Evans, 1984;
Drory and Hutchinson, 1996; Sanchez et al., 1999; Bagchi and Evans, 1996). If the coating is weakly bonded
to the substrate, a substantial region of the ﬁlm delaminates near the indenter. Under these conditions, if the
driving force for delamination can be determined analytically, interface toughness can be deduced by measur-
ing the size of the delaminated region. However, the driving force calculation is usually a nontrivial task
because of the complex contact-induced stress ﬁeld; only a number of limit cases can be solved, such as the
membrane assumption in the deep indentation case (Drory and Hutchinson, 1996). For strongly bonded ﬁlms,
the delaminated region is small compared with the contact size, so the driving force for delamination cannot
easily be calculated. Indentation tests on strongly bonded ﬁlms therefore provide a qualitative, rather than
quantitative measure of adhesion at present. Consequently, one objective of this paper is to conduct paramet-
ric simulations that link to the analytical analyses of limit cases and to establish a rigorous theoretical basis for
interpreting the results of indentation tests on coatings.
To this end, we will present the results of a detailed parametric study that predicts the response of a hard
elastic coating on an elastic–plastic substrate to indentation loading. The problem to be studied is illustrated in
Fig. 1. A linear elastic coating with thickness t is bonded to an elastic-perfectly plastic substrate, and is indent-
ed by a rigid frictionless sphere. The interface between coating and substrate is modeled using a cohesive zone
law (Xu and Needleman, 1994; Nakamura and Wang, 2001; Gao and Bower, 2004; Repetto et al., 2000),
which allows the coating to separate from the substrate, and is characterized by phenomenological constitutiveFig. 1. An elastic coating layer on an elastic–plastic substrate is indented by a rigid spherical indenter. The interface is modeled by a
cohesive interface model (see Fig. 2).
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cohesive interface model will be discussed in Section 2. Our goal is to compute failure mechanism maps, which
specify of the inﬂuence of coating thickness and indenter radius, the properties of the coating and substrate,
and the strength and toughness of the interface on the conditions necessary to nucleate and propagate cracks
at the coating/substrate interface. Our work builds on a study by Abdul-Baqi and van der Giessen (2001a,b,
2002), who used a similar model to study coating delamination and fracture under contact loading. Conver-
gence problems in their ﬁnite element simulations restricted their studies to a limited parameter space, and also
prevented them from investigating the behavior of the system after crack nucleation. We have found a way to
resolve these convergence problems by introducing a ﬁctitious viscosity in the conventional cohesive interface
model (Gao and Bower, 2004), and are therefore able to provide a complete picture of the behavior of the
system, to cover a parametric space that the work by Abdul-Baqi and van der Giessen (2001a,b, 2002) cannot
handle, and to make connection to approximate analytical analyses of limit cases.
The remainder of this paper is organized as follows. In Section 2, we summarize the assumptions and con-
stitutive approximations used in our computations. Details of our modiﬁed cohesive interface model (Gao and
Bower, 2004) will be discussed. In Section 3, we describe brieﬂy the principal mechanisms of delamination
under contact loading. Computational examples of tensile and shear delamination modes will be illustrated.
Section 4 summarizes the results of our detailed parametric studies and discusses the delamination mechanism
maps. Compared to the analytical analyses based on bending and stretching of the coating layer, we will iden-
tify the eﬀects of material and geometric parameters on the transition of various delamination modes. Section
5 presents conclusions and oﬀers implications of our ﬁndings on the design rules.2. Problem deﬁnition
The problem to be solved is illustrated in Fig. 1. A linear elastic coating with thickness t, Young’s modulus
Ec and Poisson’s ratio mc is bonded to an elastic-perfectly plastic substrate with Young’s modulus Es, Poisson’s
ratio ms, and yield stress rY. The coating is indented by a rigid, frictionless spherical indenter with radius R,
indentation force F, and penetration depth h. The interface between coating and substrate is modeled using
cohesive zone law, which accounts for crack nucleation and propagation along the interface by allowing
the coating to separate from the substrate. The response of the cohesive zone is characterized by specifying
the normal and tangential tractions (Tn,Tt) acting on the materials adjacent to the interface as a function
of the normal and tangential separation (Dn,Dt) between the coating and substrate.
As pointed out by Abdul-Baqi and van der Giessen (2001a,b, 2002), the classic cohesive model developed
by Xu and Needleman (1994) does not treat the normal–tangential coupling behavior appropriately when the
normal separation is negative. To avoid this behavior, we use the irreversible bi-linear constitutive law devel-
oped by Repetto et al. (2000), in which the two cohesive interfaces are modeled as impenetrable. In addition,
parameters in the bi-linear model can easily be tuned to change the initial traction-separation stiﬀness without
changing the work of adhesion and the characteristic cohesive zone length. Another hindsight for numerical
simulations of crack initiation using the cohesive interface model is the numerical convergence issue (Abdul-
Baqi and van der Giessen, 2001a,b, 2002; Nakamura and Wang, 2001). At the point of the occurrence of the
elastic snap-back instability, quasi-static ﬁnite element computations are unable to converge to an equilibrium
solution, which usually terminates the calculation and makes it impossible to follow the post-instability behav-
ior (Gao and Bower, 2004). From the standpoint of fracture mechanics, the onset of the snap-back instability
corresponds to the Griﬃth fracture condition for crack nucleation; a smooth separation will not give rise to
the snap-back instability. We have shown that such numerical diﬃculties can easily be avoided by introducing
a small viscosity in the constitutive equations for the cohesive interface. Combining this modiﬁcation and the
bi-linear cohesive interface model, we getT n ¼
T ðDÞ DnD þ f
_Dn
dc
; Dn > 0
kcDn þ f _Dndc ; Dn < 0
8>><
>:
ð1aÞ
Fig. 2.
the tra
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_Dt
dc
; Dn > 0
T ðbDtÞbsgnðDtÞ þ f _Dtdc ; Dn < 0
8><
>:
ð1bÞwhere D ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2n þ b2D2t
q
, and the function T(D) is illustrated in Fig. 2. The constitutive behavior of the inter-
face can thus be characterized by six material parameters: {rmax, dmax, dc, b, kc, f}. Here, rmax quantiﬁes the
strength of the interface; rmax/dmax controls the reversible elastic stiﬀness; while dc and rmax determine the
work of adhesion through C = (rmaxdc)/2. The parameter b controls the relative strength and compliance
of the interface in shear and tension; while kc is a (large) contact stiﬀness that resists inter-penetration of
the coating and substrate under compressive loading. Finally, f is a small viscosity, and _Dn and _Dt are the rates
of normal and tangential separation, respectively. It should be noted that the behaviors of the coating and
substrate are time-independent; time is introduced here, together with the ﬁctitious viscosity, to merely avoid
numerical instabilities during crack nucleation. The unit of time is thus arbitrary. The role of viscosity and its
selection have been thoroughly discussed in Gao and Bower (2004).
The cohesive zone model prescribed in Fig. 2 and Eq. (1) is implemented through the user element subrou-
tine in ABAQUS (2002). The resulting nonlinear ﬁnite-element formulation is solved by the Newton–Raphson
method, and the stiﬀness matrix and residual vector are computed in the updated Lagrangian coordinates.
Finite deformation (i.e., geometric nonlinearity) is considered for the deformations in the coating and the sub-
strate. In order to attain numerical accuracy, the mesh density is chosen such that the parameter Edn/rmax is
about 10 times larger than the minimum mesh size along the cohesive interface.
3. Representative results
In this section, we will outline brieﬂy the general failure mechanisms in the system of interest. Fig. 3 shows a
series of representative results, for a system with the following dimensionless parameters: R/t = 10, Ec/
rY = 500, Es/rY = 200, mc = ms = 0.3, rmax/rY = 2.5, dc/t = 0.008, dmax = dc/4, and b = 0.5. The correspond-
ing dimensionless work of separation for the interface is C/(rYt) = 0.01. For a coating thickness t = 1 lm
and a substrate yield stress between 100 and 1000 MPa, the work of adhesion is between 1 and 10 J/m2. In
all of our calculations in this paper, the normalized contact stiﬀness kct/rY is chosen to be between 10
4 and
106, the interface ﬁctitious viscosity f/rmax is on the order of 10
4 and 106 in terms of unit time. Neither
kc and f change the stress distribution noticeably; they are introduced to regularize the numerical problems
encountered in our ﬁnite element simulations. In addition, we ﬁx dmax = dc/4 for all the results presented in
this paper. Numerical tests show that our predictions are not sensitive to dc/dmax. We prescribe a displacement
history of the indenter depth h, which increases at constant rate from zero to hmax in a unit time, and returns to
zero in another unit time. In Fig. 3, ﬁve cases are shown with hmax/t = 0.9, 1.0, 1.1, 1.2 and 1.5, respectively.
Fig. 3(a) shows the dimensionless indentation force F/(p R2rY) as a function of the indentation depth h/t.
Note that the unloading curves for the ﬁve cases diﬀer: the discontinuities for cases (iii), (iv) and (v) indicateThe T  D relation for an irreversible, bilinear cohesive zone law. When 0 < D < dmax, the response is elastic. When dmax < D < dc,
ction decreases with increasing separation, and ramps to zero upon unloading. The traction is zero when D > dc.
a b
dc
Fig. 3. Representative results illustrating tensile crack nucleation during unloading. Five cases (i)–(v) are prescribed with hmax/t = 0.9, 1.0,
1.1, 1.2 and 1.5, respectively. (a) Normalized load as a function of displacement. Discontinuities in cases (iii), (iv) and (v) are due to crack
nucleation. (b) Normalized contact pressure distributions. (c) Dimensionless shear displacement between coating and substrate along the
interface. (d) Dimensionless normal displacement across the interface. The large normal displacement for cases (iii), (iv) and (v)
corresponds to the formation of a crack.
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pressure distribution at the maximum load for the ﬁve cases. The contact radius is given approximately by
a  ﬃﬃﬃﬃﬃﬃRhp , as predicted by the Herzian contact. When the maximum indentation depth is small compared with
the coating thickness, the deformation is principally conﬁned to the coating. When the maximum indentation
depth is comparable to the ﬁlm thickness, the contact pressure is limited by the hardness of the substrate. Con-
sequently, for a contact with hmax/t 1, the contact pressure distribution has a distinctive plateau near the
center of the contact, and rises to a larger value at the edge of the contact area, due to bending of the elastic
ﬁlm. Fig. 3(c) shows the variation of normalized shear displacement Dt/dc along the cohesive interface at the
instant of maximum load. The sign convention is such that Dt > 0 when the coating is displaced radially out-
wards relative to the substrate. Immediately outside the contact area, the shear separation reaches the positive
maximum, and at about twice the contact radius, the negative shear separation reaches the maximum. For
those cases, jDt/dcj < 1, so that the interface does not fail in shear. Nevertheless, the shear displacement is
an indication that a shear crack is likely to nucleate under appropriate conditions. We will examine shear
delamination shortly.
The sharp discontinuities that are evident for cases (iii), (iv) and (v) on the unloading curves in Fig. 3(a)
correspond to the initiation of a crack at the coating/substrate interface, as illustrated in Fig. 4. The crack
nucleates close to the point of zero applied load, and is caused by tensile stress acting perpendicular to the
3690 S.M. Xia et al. / International Journal of Solids and Structures 44 (2007) 3685–3699coating/substrate interface. The origin of this stress is straightforward: as the indenter is removed, the coating
attempts to spring back to its undeformed shape, but is prevented from doing so by the permanent plastic
impression in the substrate. After nucleation, the crack propagates rapidly to a length approximately 20%Fig. 4. The ﬁnal conﬁguration and the distribution of vertical stress rZZ (normalized by yield stress rY) of the coating system after
complete unloading. This plot corresponds to the case (iii) in Fig. 3.
a
b
Fig. 5. Representative results illustrating shear delamination during loading (see text for parameters). (a) Load-displacement curves with
two cases (vi) and (vii) are plotted. For clarity the curve for case (vii) is shifted by 0.1 in the horizontal direction. The dotted lines indicate
the occurrence of shear delamination. (b) Plotted are the shear separations along the cohesive interface at the instant slightly before the
occurrence of shear delamination.
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deduced from Fig. 3(d), which shows the crack opening displacement as a function of radius.
Rabe et al. (2004) recently carried out an in situ observation of delamination during indentation inside the
scanning electron microscope. The images before and after the sharp discontinuity in the unloading curve
clearly show the tensile delamination crack, which agree nicely with our numerical results.
The discontinuities in the unloading curves of Fig. 3 are a consequence of a sudden, unstable, crack nucle-
ation. Crack nucleation is not always perceptible in the load-displacement curve, however. Under some con-
ditions, the coating may separate smoothly from the substrate, without instability. Numerical tests, as well as
our previous analytical analysis (Gao and Bower, 2004), show that the parameter K = E*dc/(armax) is a good
predictor of the nature of crack nucleation. For cases (iii)–(v) in Fig. 3, K is about 0.1: crack nucleation is
unstable, and discontinuities can be seen on the load-displacement curve. If crack nucleation cannot be detect-
ed on the unloading curve (K > 1), we use Dn = dc as the criterion for tensile crack nucleation, and Dt = dc/(2b)
as the criterion for shear crack nucleation.
Shear crack nucleation during loading is illustrated in Fig. 5, in which parameters for this simulation are R/
t = 10, Es/rY = 200, Ec/rY = 500, mc = ms = 0.3, b = 0.5, and dmax = dc/4 for both cases. For case (vi), rmax/
rY = 0.5, dc/t = 0.04 and C/(rYt) = 0.01. For case (vii), rmax/rY = 1.0, dc/t = 0.002 and C/(rYt) = 0.001.
Fig. 5(a) shows the load-displacement curve, while Fig. 5(b) shows the dimensionless shear displacement
between coating and substrate. Shear cracks nucleate for both cases shown, although a discontinuity in the
load-displacement curve is only apparent in case (vii). This can be understood by noting that case (vi) has
a larger K than case (vii). The cracks are annular with positive shear separations immediately outside the edge
of the contact. We have also observed annular shear cracks with negative shear separations at the distance
about twice the contact radius, with certain parameter combinations.
If we unload the indenter in Fig. 5, a tensile crack can nucleate at the axis of rotational symmetry on the
thin ﬁlm interface. The tensile crack coalesces with the shear crack, but is arrested by a region of compressive
stress just outside the area of contact.
The goal of the remainder of this paper is to establish the conditions necessary for the initiation of both
shear and tensile delamination cracks, as a function of relevant dimensionless material and geometrical
parameters.4. Delamination mechanism map
Dimensional considerations indicate that the critical indentation depth and indentation load to initiate
shear or tensile cracks may be expressed as functions of the following dimensionless parameters:hcrt
t
¼ Ph rmaxrY ;
C
rYt
; b;
R
t
;
Ec
rY
;
Es
rY
; mc; ms
 
; ð2Þ
F crt
pR2rY
¼ PF rmaxrY ;
C
rYt
;b;
R
t
;
Ec
rY
;
Es
rY
; mc; ms
 
: ð3ÞIn this paper, we ﬁx mc = ms = 0.3 and b = 0.5. We have conducted detailed parametric studies to investigate
the inﬂuence of all remaining dimensionless parameters. The inﬂuence of normalized coating thickness, the
elastic and plastic properties of the coating and substrate, and the strength and toughness of the interface
are of particular interest.
Fig. 6 shows the variation of critical normalized indentation depth hcrt/t and load Fcrt/(p R
2rY) required to
nucleate shear and tensile cracks, as a function of dimensionless interface strength rmax/rY. The critical inden-
tation depth and load to nucleate tensile cracks are approximately constant for rmax/rY < 1.5, but increase
rapidly as rmax/rY  2.5. Shear crack nucleation requires higher indentation depths and loads. In addition,
shear cracks can only nucleate if the tangential stress acting on the interface exceeds the interface strength
smax. Since the interfacial shear stress cannot exceed the shear yield stress of the substrate, shear cracks can
only nucleate if the interfacial shear strength is less than the shear yield stress. For an interface subjected
to pure shear loading this requires smax ¼ brmax < rY=
ﬃﬃﬃ
3
p
, giving rmax=rY < 1=ðb
ﬃﬃﬃ
3
p Þ. For all the maps pre-
ab
Fig. 6. Delamination mechanism maps with varying interface strength rmax/rY. Other parameters are Es/rY = 200, Ec/rY = 500, C/
(rYt) = 0.01, and R/t = 10. The heavy curves are the boundary between tensile delamination and no delamination. The light curves
indicate the onset of shear delamination; above this indentation depth or load, both shear and tensile cracks will form.
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2=
ﬃﬃﬃ
3
p ¼ 1:15 (since b = 0.5), according to our numerical calculations.
Fig. 7 shows the inﬂuence of the work of adhesion of the interface on the conditions necessary to nucleate
cracks. Shear crack nucleation is clearly highly sensitive to the interface toughness: reducing the toughness by
a factor of 10 reduces the critical indentation depth and load by a corresponding factor. For an interface with
particularly low toughness, shear crack nucleation may even occur for indentation depths and loads that are
less than those required to nucleate tensile cracks. This behavior can be explained by noting that for ﬁxed
interface strength rmax, the compliance of the interface is proportional to the work of fracture C. Increasing
the interface compliance has the eﬀect of relaxing the shear stress acting between coating and substrate, and
hence tending to suppress shear crack nucleation.
The work of adhesion has a more complex inﬂuence on tensile crack nucleation. For rmax/rY > 1.5 the con-
ditions necessary to nucleate tensile cracks are insensitive to the interface work of adhesion. In contrast, for
rmax/rY < 1, both tensile and shear crack nucleation are strongly dependent on the work of adhesion. This
diﬀerence in behavior is associated with a change in the mode of delamination. For rmax/rY < 1, the coating
separates smoothly from the substrate, in both shear and tension, without a snap-back instability. Under these
conditions, the critical point at which a crack nucleates is highly sensitive to the compliance of the interface,
which, for ﬁxed rmax/rY, varies in proportion to the normalized work of adhesion. Increasing the interface
compliance tends to relax the stress acting on the interface, and consequently delays separation. In contrast,
ab
Fig. 7. Delamination mechanism maps with respect to the variation of the interface work of separation. Other parameters are the same as
Fig. 6.
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unloading curve, as shown by cases (iii)–(v) in Fig. 3). Under these conditions, the nucleation point depends
only on rmax/rY and is insensitive to interface compliance.
Fig. 8 shows the inﬂuence of the elastic modulus of the coating on the critical indentation depth and load
required to initiate delamination. For rmax/rY < 1.5, the coating modulus has little eﬀect on shear and tensile
delamination, since the coating fails without snap-back instability. For rmax/rY > 1.5, the delamination curves
change dramatically as the coating modulus is reduced. The S shaped curves marked with triangles in Fig. 8
need some explanation. They indicate that for 1.5 < rmax/rY < 1.75, there is a range of indentation depths
where increasing the indentation depth or load may suppress coating delamination. For example, Fig. 8(a)
shows that for rmax/rY  1.6, no coating delamination occurs for hcrt/t < 0.25; for 0.25 < hcrt/t < 0.6, the coat-
ing will delaminate, but for 0.6 < hcrt/t < 2.2 it will remain intact. For hcrt/t > 2.2, the coating will again sep-
arate from the substrate on unloading. This counterintuitive behavior is associated with changes in the
deformation mode in the coating, as discussed further below.
Finally, Fig. 9 illustrates the inﬂuence of the ratio of indenter radius to coating thickness on the conditions
necessary to nucleate shear and tensile cracks. The dashed lines are extrapolated from the numerical results.
For a ﬁxed indenter size, increasing the coating thickness tends to increase the critical indentation load to
nucleate shear cracks nucleation, as illustrated in Fig. 9(b). The role of coating thickness on tensile cracks
is more complex. For rmax/rY < 1.5, increasing the coating thickness tends to increase the critical force
ab
Fig. 8. Delamination mechanism maps with respect to the variation of coating stiﬀness. Other parameters are the same as Fig. 6.
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suppress crack nucleation, as shown by the S shaped curve in Fig. 9(b). Again, this counterintuitive behavior is
a consequence of a change in the deformation mode in the coating.
Several trends in the tensile delamination curves illustrated in Figs. 6–9 can be explained using a simple
approximate model. The tensile delamination curves can be divided into three regions, as illustrated in
Fig. 9. In Stage I, the coating separates smoothly from the substrate, without a snap-back instability. We have
not been able to characterize behavior in this regime using any approximate model, and must instead rely on
numerical simulations. Stages II and III can be modeled approximately by idealizing the coating as an axisym-
metric plate, which is bent and stretched to conform to the impression left in the substrate. The indenter leaves
an indent of depth h and approximate radius a  ﬃﬃﬃﬃﬃﬃﬃﬃgRhp , where g varies between 1 (for an elastic contact) to 2
(for a fully plastic contact), and R is the indenter radius. Depending on the ratio of coating thickness to inden-
tation depth, the coating can be idealized as a circular plate (for small h/t) with clamped boundary, or as a
stretched membrane (for large h/t). The clamped boundary condition is assumed under the plate bending con-
dition, which is justiﬁed by the observation of insigniﬁcant rotation at the contact edge and by the strong elas-
tic constraint from the substrate outside the plastically deformed zone. In addition, it has been shown, both
numerically and theoretically, that the consideration of near-tip rotation only leads to minor change of the
bending behavior (Kim and Avaras, 1988; Yu and Hutchinson, 2002; Yang and Volinsky, 2004).
Fig. 9. Delamination mechanism maps with respect to the variation of the indenter size. Other parameters are the same as Fig. 6. Dashed
lines are extrapolated from the numerical simulations results (denoted by stars). There are three distinctive stages, corresponding to
smooth separation (Stage I), bending induced debonding (Stage II), and stretching induced debonding (Stage III), as discussed in the text.
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uniform pressure p is given byh
t
¼ 3
16
a
t
 4 p
E
; ð4Þwhile the membrane approximation givesh
t
¼ a pa
4
Et4
 1=3
; ð5Þwhere a = a(m) is a function of Poisson’s ratio, of order unity for material systems of interest. The above solu-
tions can easily be obtained from elasticity analysis (Timoshenko and Woinowsky-Krieger, 1959). Freund and
Suresh (§5.7, 2003) have neatly summarized a series of related solutions.
Now, note that in the region of the delamination curve marked Stage II in Fig. 9, the critical indentation
depth hcrt is comparable to the coating thickness t. Therefore, the coating deformation can be modeled using
plate bending theory, as in Eq. (4). In particular, we may estimate the normal stress acting on the interface
between the coating and substrate by calculating the pressure p required to deﬂect the plate by the indentation
3696 S.M. Xia et al. / International Journal of Solids and Structures 44 (2007) 3685–3699depth h. The coating will delaminate if p exceeds the interface strength rmax. In other words, during unloading,
if the largest interface traction rmax cannot hold the coating from elastic spring-back, tensile delamination will
occur. Substituting a ¼ ﬃﬃﬃﬃﬃﬃﬃﬃgRhp and p = rmax into Eq. (4), the critical indentation depth required to initiate ten-
sile delamination in Stage II can thus be estimated ashcrt
t
¼ c1
g2
t
R
 2 E
rY
 
rY
rmax
 
; ð6Þwhere c1 is a numerical pre-factor that depends on the Poisson’s ratio only. This implies that the critical inden-
tation depth to cause tensile delamination is inversely proportional to the interface strength, for the bending-
dominated regime (i.e., small h/t). This agrees remarkably well with the trend in the Stage II in Fig. 9, and the
comparison gives c1/g
2  2.
In Stage III, the critical indentation depth hcrt is much larger than the coating thickness t. Therefore, the
deformation of the coating layer cannot be described by the simple bending theory, which neglects the con-
tribution to the elastic energy from stretching the coating. In this regime, the response of the coating is better
approximated by the membrane model given in Eq. (5). Substituting a ¼ ﬃﬃﬃﬃﬃﬃﬃﬃgRhp and p = rmax into Eq. (5), the
argument leading to Eq. (6) then yieldshcrt
t
¼ c2g2
R
t
 2 rY
E
  rmax
rY
 
; ð7Þwhere c2 is a numerical pre-factor that depends on the Poisson’s ratio only. This implies that the critical inden-
tation depth to cause tensile delamination is linearly proportional to the interface strength, for the stretching-
dominated regime (i.e., large h/t) Again, this agrees remarkably well with the trend in the Stage III in Fig. 9,
and the comparison gives c2g
2  1.
Eqs. (6) and (7) also predict the qualitative inﬂuence of dimensionless coating thickness t/R and coating
modulus E*/rY in the various regimes of behavior. In the bending dominant regime (Stage II) the critical
indentation depth to nucleate fracture are increasing functions of coating thickness and modulus, while in
the stretching dominant regime (Stage III) the critical indentation depth decreases with increasing coating
thickness and coating modulus. As a result, the three-stage ‘‘S’’-shaped tensile delamination curve is only evi-
dent for suﬃciently low values of coating modulus, and suﬃciently large values of indenter radius, otherwise
the failure mode transitions directly from Stage I to Stage III. This trend is illustrated clearly in Figs. 8 and 9,
suggesting the low value of ðErYÞð tR Þ
2 will prevent tensile delamination when the indentation depth is compara-
ble to the coating thickness. In addition, the above-discussed transition occurs when the crack nucleation cor-
responds to the unstable snap-back instability, so that the conventional cohesive zone will have convergence
problems to identify this parametric regime.
This insight allows us to predict qualitatively the inﬂuence of residual stress in the coating. Clearly, com-
pressive residual stress will act so as to prevent delamination. However, a simple estimate suggests that resid-
ual stress will only have a minor eﬀect. Freund and Suresh (§5.7.4, 2003) suggest that the residual stress is
important when it is comparable with the bending stress induced by contact loading, which requires
rres  E*t2/a2 or rres  E*t2/ (Rh). For typical values, E* = 200 GPa, t = 1 lm, R = 20 lm (for an asperity
contact) and h = t, suggesting that residual stresses need to be of the order of 10 GPa before the delamination
mechanisms are signiﬁcantly aﬀected.
We end with a brief outline of possible extensions of our simulations. Our model has assumed that the coat-
ing is suﬃciently strong to remain intact throughout the cycle of loading. In many systems of interest (partic-
ularly diamond coatings) the coating itself is brittle, and coating fracture may precede – and trigger –
delamination. Our simulations have considered only purely normal, axisymmetric indentation. This is a good
approximation of indentation experiments, but many coatings in service experience sliding contact. In princi-
ple, it seems to be straightforward to include cohesive zones between elements in the coating and to model
sliding contact using the approach used here, but computationally intensive three dimensional simulations
would be required and the mechanistic explanation will be far more complicated than the simple analyses
in Eqs. (6) and (7). In addition, the use of continuum plasticity restricts the problem to larger length scales.
O’Day et al. (2006) studied the same problem but using the discrete dislocation plasticity and found out qual-
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more detailed comparison is needed to validate the applicable regions of the two plasticity methodologies.
Finally, our computations are based on a phenomenological description of the interface between coating
and substrate. Further work will be required to develop techniques to calibrate this constitutive equation,
and to relate the interface strength and toughness to the underlying physical processes that control the
response of the interface to stress. This is certainly a formidable task and beyond the scope of this continuum
mechanics framework.
5. Conclusions
We have used ﬁnite element simulations to compute the conditions necessary to initiate delamination
between a coating and substrate that are subjected to contact loading. The coating was idealized as an elastic
solid with modulus Ec, while the substrate was modeled as an elastic-perfectly plastic solid with Young’s mod-
ulus Es and yield stress rY. The coating was assumed to be suﬃciently strong to resist fracture, and the inter-
face between coating and substrate was represented using an irreversible cohesive zone law, which can be
characterized by its peak strength in tension rmax and shear brmax and its fracture toughness C. We observed
two failure modes: shear cracks may nucleate just outside the contact area if the indentation depth or load
exceeds a critical value; in addition, tensile cracks may nucleate at the center of the contact when the indenter
is subsequently removed from the surface. Our ﬁnite element computations were used to calculate the inﬂuence
of coating modulus and thickness, substrate modulus and yield stress, and interface strength and toughness on
the critical indentation depth and indentation force required to nucleate both shear and tensile cracks. The
following conclusions were drawn from our results:
1. Shear cracks will only nucleate for dimensionless interface strengths in the range rmax=rY < 1=ðb
ﬃﬃﬃ
3
p Þ, as
illustrated in Figs. 6–9.
2. A minimum in resistance to shear crack nucleation occurs for rmax/rY  0.75.
3. For dimensionless interface toughness in the range 0.001 < C/(rYt) < 0.01 the critical indentation depth and
force required to nucleate shear cracks are approximately proportional to the interface toughness, as illus-
trated in Fig. 7.
4. Variations in coating modulus and normalized coating thickness have only a modest eﬀect on the critical
indentation depth and force required to initiate shear cracks, as shown in Figs. 8 and 9.
5. The critical indentation depth and force required to nucleate tensile cracks is less than that required to
nucleate shear cracks, except for the case of very low interface toughness C/(rYt) = 0.001.
6. The variation with interface strength rmax/rY of critical indentation depth and force required to nucleate
tensile cracks can be separated into three general regimes, as illustrated in Fig. 9. In ‘‘Stage I’’, the coating
separates smoothly from the substrate; in this regime crack nucleation cannot be detected in the force-ver-
sus-penetration depth curves. Stages II and III involve unstable crack nucleation, and are accompanied by a
sudden drop in load on the force-depth curves. It should be pointed out that our ﬁctitious viscosity tech-
nique is a very powerful tool to simulate this type of instability (Gao and Bower, 2004). Stage II is distin-
guished by an inverse relation between rmax/rY and hcrt/t and Fcrt/(pR
2rY); while in Stage III hcrt/t and Fcrt/
(pR2 rY) are proportional to rmax/rY. Stages II and III are associated with bending and stretching in the
coating, respectively. Stage II is observed only for suﬃciently low values of normalized coating modulus
and suﬃciently large values of indenter radius, otherwise the failure mode transitions directly from Stage
I to Stage III.
7. In Stage I, the critical indentation depth and load are increasing functions of interface toughness; in Stages
II and III the critical conditions to nucleate tensile cracks are determined by rmax/rY and are insensitive to
the toughness of the coating.
8. In Stage I, the critical indentation depth to nucleate tensile cracks is insensitive to coating modulus, while
the critical indentation load decreases slightly with coating modulus. In Stage II, both the critical indenta-
tion depth and indentation load increase with coating modulus, as predicted qualitatively by Eq. (6), and as
shown in Fig. 8. In contrast, in Stage III the indentation depth and indentation load decrease with increas-
ing modulus, as indicated by Eq. (7) and Fig. 8.
3698 S.M. Xia et al. / International Journal of Solids and Structures 44 (2007) 3685–36999. In Stage I, the critical indentation depth to nucleate tensile cracks is insensitive to the ratio of indenter radi-
us to coating thickness R/t, while the critical indentation load decreases slightly with R/t. In Stage II, both
the critical indentation depth and indentation load decrease with R/t, as predicted qualitatively by Eq. (6),
and as shown in Fig. 8. In contrast, in Stage III the indentation depth and indentation load increase with
increasing R/t, as indicated by Eq. (7) and Fig. 8.
The computations described in this paper provide guidelines for interpreting the results of indentation tests
on thin coatings, and can also be used to guide materials selection for hard wear resistant coatings. Particu-
larly, the modiﬁed cohesive zone allows us to examine the parametric space in which the snap-back instability
dominates. Numerical ﬁndings along this line, together with the approximate analytical analyses, help identify
the key transition of delamination modes. Design rules can be extracted from this study, such as the preven-
tion of tensile delamination using a low E*t2/(rYR
2) when the indentation depth is comparable to the coating
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